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Abstract
In this article, we give new proofs on the some cases on Arnold
chord conjecture and Weinstein conjecture in M × C which includes
the previous works as special cases.
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1 Introduction and results
1.1 Arnold chord conjecture
Let Σ be a smooth closed oriented manifold of dimension 2n− 1. A contact
form on Σ is a 1−form such that λ∧(dλ)n−1 is a volume form on Σ. Associated
to λ there is the so-called Reed vectorfield Xλ defined by iXλ ≡ 1, iXdλ ≡ 0.
The dynamics of the Reeb vectorfield is very interesting. There is a well-
known conjecture raised by Arnold in [2] which concerned the Reeb orbit and
Legendrian submanifold in a contact manifold. If (Σ, λ) is a contact manifold
∗Project 19871044 Supported by NSF
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with contact form λ of dimension 2n− 1, then a Legendrian submanifold is
a submanifold L of Σ, which is (n − 1)dimensional and everywhere tangent
to the contact structure ker λ. Then a characteristic chord for (λ,L) is a
smooth path x : [0, T ] → M,T > 0 with x˙(t) = Xλ(x(t)) for t ∈ (0, T ),
x(0), x(T ) ∈ L. Arnold raised the following conjectures:
Conjecture1(see[2]). Let λ0 be the standard tight contact form
λ0 =
1
2
(x1dy1 − y1dx1 + x2dy2 − y2dx2)
on the three sphere
S3 = {(x1, y1, x2, y2) ∈ R
4|x21 + y
2
1 + x
2
2 + y
2
2 = 1}.
If f : S3 → (0,∞) is a smooth function and L is a Legendrian knot in S3,
then there is a characteristic chord for (fλ0,L).
In fact Arnold also conjectured more general cases and multiplicity re-
sults just like the Lusternik-Schirelman or Morse type number[2].
Arnold’s conjectures was discussed in [2, 1, 9]. Its solutions on the sym-
metric contact form on S3 and the standard Legendre fibre was given in [9]
which also includes multiplicity results. The complete solution on Conjec-
ture1 was claimed in 1999 in [16] by using the Gromov’s nonlinear Fredholm
alternative. Immediately, the alternate proof was given in [19].
Let (M,ω) be a symplectic manifold. Let J be the almost complex struc-
ture tamed by ω, i.e., ω(v, Jv) > 0 for v ∈ TM . Let J the space of all tame
almost complex structures.
Definition 1.1 Let
s(M,ω, J) = inf{
∫
S2
f ∗ω > 0|f : S2 → M is J − holomorphic}
Definition 1.2 Let
s(M,ω) = sup
J∈J
l(M,ω, J)
Let W be a Lagrangian submanifold in M , i.e., ω|W = 0.
Definition 1.3 Let
l(M,W, ω) = inf{|
∫
D2
f ∗ω| > 0|f : (D2, ∂D2)→ (M,W )}
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The main result of this paper is the following:
Theorem 1.1 Let (M,ω) be a closed compact symplectic manifold or a man-
ifold convex at infinity and M × C be a symplectic manifold with symplectic
form ω ⊕ σ, here (C, σ) standard symplectic plane. Let 2pir20 < s(M,ω) and
Br0(0) ⊂ C the closed ball with radius r0. If (Σ, λ) be a contact manifold
of induced type in M × Br0(0) with induced contact form λ, i.e., there ex-
ists a vector field X transversal to Σ such that LX(ω ⊕ σ) = ω ⊕ σ and
λ = iX(ω ⊕ σ), Xλ its Reeb vector field, L a closed Legendrian submanifold,
then there exists at least one characteristic chord for (λ,L).
This Theorem generalizes the some results in [16, 19]. For example, if ω|pi2(M) =
0, then S(M,ω) = +∞. We will prove this Theorem by using Lagrangian
squeezing theorem which was proved by Gromov’s nonlinear Fredholm alter-
native in [18] and the Mohnke’s modification of our Lagrangian construction.
1.2 Weinstein conjecture
Theorem 1.2 Let (M,ω) be a closed compact symplectic manifold or a man-
ifold convex at infinity and M × C be a symplectic manifold with symplectic
form ω ⊕ σ, here (C, σ) standard symplectic plane. Let 2pir20 < s(M,ω) and
Br0(0) ⊂ C the closed ball with radius r0. If (Σ, λ) be a contact manifold of
induced type in M ×Br0(0) with induced contact form λ, Xλ its Reeb vector
field, then there exists at least one close characteristics.
This improves the results in [8, 13, 16]. Again we will prove this Theorem
by using Lagrangian squeezing theorem which was proved by Gromov’s non-
linear Fredholm alternative in [18] and the Mohnke’s modification of our
Lagrangian construction.
2 Lagrangian Squeezing
Theorem 2.1 ([18])Let (M,ω) be a closed compact symplectic manifold or
a manifold convex at infinity and M ×C be a symplectic manifold with sym-
plectic form ω⊕σ, here (C, σ) standard symplectic plane. Let 2pir20 < s(M,ω)
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and Br0(0) ⊂ C the closed disk with radius r0. If W is a close Lagrangian
manifold in M × Br0(0), then
l(M,W, ω) < 2pir20
This can be considered as an Lagrangian version of Gromov’s symplectic
squeezing.
Corollary 2.1 (Gromov[11])Let (V ′, ω′) be an exact symplectic manifold with
restricted contact boundary and ω′ = dα′. Let V ′ × C be a symplectic man-
ifold with symplectic form ω′ ⊕ σ = dα = d(α′ ⊕ α0, here (C, σ) stan-
dard symplectic plane. If W is a close exact Lagrangian submanifold, then
l(V ′ × C,W, ω) == ∞, i.e., there does not exist any close exact Lagrangian
submanifold in V ′ × C.
Corollary 2.2 Let Ln be a close Lagrangian in R2n and L(R2n, Ln, ω) =
2pir20 > 0, then L
n can not be embedded in Br0(0) as a Lagrangian submani-
fold.
3 Proof Arnold chord conjecture
3.1 Constructions of Lagrangian submanifolds
Let (Σ, λ) be a contact manifolds with contact form λ and X its Reeb vector
field, then X integrates to a Reeb flow ηt for t ∈ R
1. Consider the form d(eaλ)
on the manifold (R×Σ), then one can check that d(eaλ) is a symplectic form
on R × Σ. Moreover One can check that
iX(e
aλ) = ea (3.1)
iX(d(e
aλ)) = −dea (3.2)
So, the symplectization of Reeb vector field X is the Hamilton vector field of
ea with respect to the symplectic form d(eaλ). Therefore the Reeb flow lifts
to the Hamilton flow hs on R× Σ(see[3, 6]).
Let L be a closed Legendre submanifold in (Σ, λ), i.e., there exists a
smooth embedding Q : L → Σ such that Q∗λ|L = 0, λ|Q(L) = 0. We also
write L = Q(L). Let
(V ′, ω′) = (R × Σ, d(eaλ))
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and
W ′ = L × R, W ′s = L × {s};
L′ = (0,∪sηs(Q(L))), L
′
s = (0, ηs(Q(L))) (3.3)
define
G′ : W ′ → V ′
G′(w′) = G′(l, s) = (0, ηs(Q(l))) (3.4)
Lemma 3.1 There does not exist any Reeb chord connecting Legendre sub-
manifold L in (Σ, λ) if and only if G′(W ′s) ∩G
′(W ′s′) is empty for s 6= s
′.
Proof. Obvious.
Lemma 3.2 If there does not exist any Reeb chord for (Xλ,L) in (Σ, λ) then
there exists a smooth embedding G′ : W ′ → V ′ with G′(l, s) = (0, ηs(Q(l)))
such that
G′K : L × (−K,K)→ V
′ (3.5)
is a regular open Lagrangian embedding for any finite positive K. We denote
W ′(−K,K) = G′K(L × (−K,K))
Proof. One check
G′
∗
(d(eaλ)) = η(·, ·)∗dλ = (η∗sdλ+ iXdλ ∧ ds) = 0 (3.6)
This implies that G′ is a Lagrangian embedding, this proves Lemma3.2.
In fact the above proof checks that
G′
∗
(λ) = η(·, ·)∗λ = η∗sλ+ iXλds = ds. (3.7)
i.e., W ′ is an exact Lagrangian submanifold.
The all above construction was contained in [16]. Now we intruduce the
Mohnke’s upshot. Let
F ′ : L × R× R→ R× Σ
F ′(l, s, a) = (a,G′(l, s)) = (a, ηs(Q(l))) (3.8)
Now we embed a elliptic curve E long along s−axis and thin along a−axis
such that E ⊂ [−K,K]× [0, ε]. We parametrize the E by t.
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Lemma 3.3 If there does not exist any Reeb chord for (Xλ,L) in (Σ, λ),
then
F : L × S1 → R × Σ
F (l, t) = (a(t), G′(l, s(t))) = (a(t), ηs(t)(Q(l))) (3.9)
is a compact Lagrangian submanifold. Moreover
l(R× Σ, F (L × S1, deaλ) = area(E) (3.10)
Proof. We check that
F ∗(d(eaλ)) = d(F ∗(ea(t)λ))
= d(ea(t))G′∗λ)
= d(ea(t)ds(t))
= ea(t)(atdt ∧ stdt)
= 0 (3.11)
which shows that F is a Lagrangian embedding.
If the circle C homotopic to C1 ⊂ L× s0 then we compute∫
C
F ∗(eaλ) =
∫
C1
F ∗(eaλ) = 0. (3.12)
since λ|C1 = 0 due to C1 ⊂ L and L is Legendre submanifold.
If the circle C homotopic to C1 ⊂ l0 × S
1 then we compute∫
C
F ∗(eaλ) =
∫
C1
F ∗(eaλ) = n(area(E)). (3.13)
This proves the Lemma.
3.2 Proof on Theorem 1.1
Since (Σ, λ) be a contact manifold of induced type inM×Br0(0) with induced
contact form λ, then by the well known theorem that the neighbourhood
(U(Σ), ω) of Σ is symplectomorphic to ([−ε, ε]×Σ, deaλ) for small ε. So, by
Lemma 3.3, we have a close Lagrangian submanifold F (L×S1) contained in
M ×Br0(0). By Lagrangian squeezing theorem, i.e., Theorem 2.1, we have
l(M × C, F (L× S1, ω) = area(E) ≤ 2pir20. (3.14)
If K large enough, area(E) > 2pir20. This is a contradiction. This contradic-
tion shows there exists at least one characteristic chord for (λ,L).
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4 Proof on Weinstein conjecture
4.1 Constructions of Lagrangian submanifolds
Let (Σ, λ) be a contact manifolds with contact form λ and X its Reeb vector
field, then X integrates to a Reeb flow ηt for t ∈ R
1. Let
(V ′, ω′) = ((R× Σ)× (R × Σ), d(eaλ)⊖ d(ebλ))
and
L = {((0, σ), (0, σ))|(0, σ) ∈ R× Σ}.
Let
L′ = L ×R,L′s = L× {s}.
Then define
G′ : L′ → V ′
G′(l′) = G′(((σ, 0), (σ, 0)), s) = ((0, σ), (0, ηs(σ))) (4.1)
Then
W ′ = G′(L′) = {((0, σ), (0, ηs(σ)))|(0, σ) ∈ R× Σ, s ∈ R}
W ′s = G
′(L′s) = {((0, σ), (0, ηs(σ)))|(0, σ) ∈ R × Σ}
for fixed s ∈ R.
Lemma 4.1 There does not exist any Reeb closed orbit in (Σ, λ) if and only
if W ′s ∩W
′
s′ is empty for s 6= s
′.
Proof. First if there exists a closed Reeb orbit in (Σ, λ), i.e., there exists
σ0 ∈ Σ, t0 > 0 such that σ0 = ηt0(σ0), then ((0, σ0), (0, σ0)) ∈ W
′
0 ∩ W
′
t0
.
Second if there exists s0 6= s
′
0 such that W
′
s0
∩W ′s′
0
6= ∅, i.e., there exists σ0
such that
((0, σ0), (0, ηs0(σ0)) = ((0, σ0), (0, ηs′0(σ0)),
then η(s0−s′0)(σ0) = σ0, i.e., ηt(σ0) is a closed Reeb orbit.
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Lemma 4.2 If there does not exist any closed Reeb orbit in (Σ, λ) then
there exists a smooth Lagrangian injective immersion G′ : W ′ → V ′ with
G′(((0, σ), (0, σ)), s) = ((0, σ), (0, ηs(σ))) such that
G′s1,s2 : L × (−s1, s2)→ V
′ (4.2)
is a regular exact Lagrangian embedding for any finite real number s1, s2,
here we denote by W ′(s1, s2) = G
′
s1,s2
(L × (s1, s2)).
Proof. One check
G′
∗
((eaλ− ebλ)) = λ− η(·, ·)∗λ = λ− (η∗sλ+ iXλds) = −ds (4.3)
since η∗sλ = λ. This implies that G
′ is an exact Lagrangian embedding, this
proves Lemma 3.2.
Now we modify the above construction as follows:
F ′ : L × R× R→ (R× Σ)× (R× Σ)
F ′(((0, σ), (0, σ)), s, b) = ((0, σ), (b, ηs(σ))) (4.4)
Now we embed a elliptic curve E long along s−axis and thin along b−axis
such that E ⊂ [−s1, s2]× [0, ε]. We parametrize the E by t.
Lemma 4.3 If there does not exist any closed Reeb orbit in (Σ, λ), then
F : L × S1 → (R× Σ)× (R × Σ)
F (((0, σ), (0, σ)), t) = ((0, σ), (b(t), ηs(t)(σ))) (4.5)
is a compact Lagrangian submanifold. Moreover
l(V ′, F (L× S1, d(eaλ− ebλ)) = area(E) (4.6)
Proof. We check that
F ∗(eaλ⊖ ebλ) = −eb(t)ds(t) (4.7)
So, F is a Lagrangian embedding.
If the circle C homotopic to C1 ⊂ L× s0 then we compute
∫
C
F ∗(eaλ) =
∫
C1
F ∗(eaλ) = 0. (4.8)
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since λ|C1 = 0 due to C1 ⊂ L and L is Legendre submanifold.
If the circle C homotopic to C1 ⊂ l0 × S
1 then we compute
∫
C
F ∗(eaλ) =
∫
C1
F ∗(eaλ) = n(area(E)). (4.9)
This proves the Lemma.
4.2 Proof on Theorem 1.2
Since (Σ, λ) be a contact manifold of induced type inM×Br0(0) with induced
contact form λ, then by the well known theorem that the neighbourhood
(U(Σ), ω) of Σ is symplectomorphic to ([−ε, ε]×Σ, deaλ) for small ε. So, by
Lemma 4.3, we have a close Lagrangian submanifold F (L×S1) contained in
M × C ×M × Br0(0). By Lagrangian squeezing theorem, i.e., Theorem 2.1,
we have
l((M × C)× (M × C), F (L× S1, ω ⊕ ω) = area(E) ≤ 2pir20. (4.10)
If s2 − s1 large enough, area(E) > 2pir
2
0. This is a contradiction. This con-
tradiction shows there exists at least one close characteristics.
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